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ABSTRACT

A Banach space X is non-quasi-reflexive (i.e. dim X**/X= o0) if and only if it
contains a basic sequence spanning a non-quasi-reflexive subspace. In fact,
this basic sequence can be chosen to be non-k-boundedly complete for all k.
A basic sequence which is non-k-shrinking for all & exists in X if and only if
X* contains a norming subspace of infinite codimension. This need not occur
even if X is non-quasi-reflexive. Every norming subspace of X* has finite
codimension if and only if for every norming M in X*, every M-closed Yin X,
MN Y is norming over X/Y. This solves a problem due to Schiffer [19].

1. Introduction and notation

J. J. Schiiffer [19] asked if M is a norming subspace of X* and Y is an M-
closed subspace of X, then is M\ Y * a norming subspace of (X [Y)*? (Here Y* is
identified with (X /Y)* in the canonical way. Relevant definitions appear below.)
In Section 2 we give a counter-example, and in Section 4 we show that such a
counter example can be constructed for X if and only if X* contains an infinite
codimensional norming subspace.

Section 2 consists of the above mentioned example and two other examples
concerning norming subspaces. Example 1 shows that non-quasi-reflexivity of X
does not yield the existence in X* of an infinite codimensional norming subspace.
Example 3 gives an X such that X * contains a total subspace which is not norming
over any subspace of X. (The examples in [8] and [14] of total, non-norming
subspaces of X* are constructed in such a way that they norm some subspace of
X))

t The second-named author was supported in part by NSF GP 28719,
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In order to give the complete solution to the Schiffer problem, it was necessary
to prove new existence theorems for basic sequences in Banach spaces. We prove
in Section 3 that (a) If X* contains an infinite codimensional norming subspace,
then X contains a basic sequence (x,) which is not k-shrinking for any k;i.e., the
functionals on [x,] biorthogonal to (x,) span an infinite codimensional subspace
of [x,]*, and (b) every non-quasi-reflexive space contains a basic sequence, (x,),

which is not k-boundedly complete for any k; in fact, | x, | = 1 and

o« 0
( )i=0’p=i’

(ng =27 k(k +1)) is boundzd. (Example 2 shows that the hypothesis on X in (a)
cannot be weakened to “‘X is non-quasi-reflexive’’). The proof of (a) uses an

p
E xnk+i
k=i

extension of Pelczynski’s technique [15] for constructing nonshrinking basic
sequences in nonreflexive spaces. The proof of (b) is rather complicated and
not at all similar to the usual method for constructing non-boundedly com-
plete basic sequences in nonreflexive spaces.

Of course, an immediate application of (b) is that every non-quasi-reflexive
space contains a non-quasi-reflexive subspace with basis. Other applications are
that if X is not quasi-reflexive, then X > Y such that Y and X /Y are not quasi-
reflexive; and if X* contains an infinite codimensional norming subspace, then X
has a subspace Y such that X* and (X /Y)* both contain infinite codimensional
norming subspaces. This last application is used in solving the Schiiffer problem.

We now explain the terminology used. X, Y, Z, etc. refer to infinite dimensional
Banach spaces. Subspaces are assumed closed. A space X is quasi-reflexive [3]
provided that X has finite codimension in X**. (We always assume X is canoni-
cally embedded in X**.) A subspace Z, of X* is norming over a subspace Y of
X provided that there is a constant A such that |y| < Asup{|z(y)]:zeZ,
|z|| 1} for each yeY.Then we say that Z is A-norming over Y. When
Y= X, we say Z is norming and call the smallest such constant A the norming
constant of Z. Every norming subspace of X* has finite codimension in X* when
X is quasi-reflexive, but Example 2 shows that the converse is false.

For A =X, A" is the annihilator of A in X*. For A ¢ X*, 4, is the annihilator
of 4 in X and 4 is the weak* closure of 4 in X*. A subspace M of X* is total
over X provided M, = {0}. Note that, given M a subspace of X* and Y a subspace
of X, Y is M-closed (i.e., Y is closed in X when X is given the weak topology
from M) if and only if M NY™ is total over X/Y. Norming subspaces are total,
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but every total subspace of X* is norming only if X is quasi-reflexive, (cf. [5]).

We use standard facts about basic sequences (cf. [ 21]). Suppose (x,) is a basic
sequence with biorthogonal functionals (x}) in [x,]* and k is a non-negative
integer. Then (x,) is k-shrinking (resp., k-boundedly-complete) (cf. [20]) provided
[x¥] has codimension k in [x,]* (resp., the image of [x,] under the canonical
embedding of [x,] into [x; |* has codimension k in [x;]*). The partial sum
operators are defined by S,(u)= X -, x(u)x;, and the basis constant is simply
sup || S,|. A sequence (f,) =X* is weak*-basic if there is a sequence
(x,) = X biorthogonal to (f,) such that ue[f,] implies X u(x,)f, converges
weak* to u.

We would like to thank Professor Schiffer for calling our attention to his

problem.

2. Some examples

The Schiffer problem has an affirmative answer when M is close to being
minimal or maximal. Let M be a norming subspace of X* and Y an M-closed
subspace of X. Suppose first that the natural map T: X - M* defined by (Tx)m
= m(x) has finite codimensional range in M*. Then the natural map from X /Y
into (M NY*)* is one-to-one and has a finite codimensional (hence closed)
range. Therefore this map is an isomorphism, whence M N Y™ is norming over
X /Y. Secondly, suppose that M has finite codimension in X*. Then M N Y™ has
finite codimension in Y™ and is total over X /Y, hence is norming over X /Y by
[8].

In particular, Schiffer’s question has an affirmative answer when considering
spaces X such that every norming subspace of X* has finite codimension in X*.
Of course this happens when X is quasi-reflexive. Surprisingly, this can also occur
when X is not quasi-reflexive, as illustrated by the following example, which
was discovered in conversation with D. W. Dean,

ExAMPLE 1. Let Z be the James-Lindenstrauss space with Z** /Z =c,(cf. [13]).
If M is a norming subspace of Z*, then Z "M* = {0} and Z+ M is closed in
Z** (cf. [8]), so the quotient map Q :Z** — ¢, has Q+ an isomorphism.
Therefore M* is both a subspace of the separable conjugate space Z** and is
isomorphic to a subspace of ¢,. Thus by [2] and [17], M* is finite dimensional,
proving that M has finite dimension in Z*.

This example has another curious property. By Lemma 3 in Section IV below,
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if Y is a subspace of Z, then every norming subspace of Y* has finite codimension
in Y*, In particular, if (z,) is a basic sequence in Z with biorthogonal functionals
(z¥)in [ z,]*, then [z%] has finite codimension in [z,]*. That is, every basic
sequence in Z is k-shrinking for some k. On the other hand, since Z has a shrinking
basis (cf. [13]), it follows from [7] that, for each k, Z has a basis which is k-
shrinking,.

The second example gives a negative solution to the Schiffer problem. The
complete solution to Schiffer’s question given in Section 4 was motivated by

this construction.

ExaMmpLE 2. Let E be non reflexive and let X =( X E), = {(ej)lejeE vj
e;~0, | (e)]| =sup| ¢;|| < 0}. Since E is nonreflexive, E* can be written as
H @ [¢] with H norming. If we let ¢; denote ¢ in the j-th copy of E* in (X E*),,
=(ZE)., then [¢;] is a weak* closed subspace of X*: Let XL a,;¢; % ( 7 U m
is the i-th coordinate projection on X, then n}(Za,;¢;) = a,¢; > f;, so that f;
= a,; for some a;. Since X||f;|| = | (/)| it follows that (a;)el, so that (a;¢;)
= (f;) e [¢,]. With the assumption that | ¢ | =1, we can choose z€ E with | z |
<2 and ¢(z) = 1. If we define P : E — [z] by P(e) = ¢(e)z, P is a projection with
“ P ﬂ < 2. Letting P; denote this projection in the j-th copy of E in X, it is easy
to see that (ZP;)((e;)) = (Pse)) is a projection of X onto [z;] which in turn is
isomorphic to ¢, in the natural way. If we now let Y = [¢;],, it follows that

X |Y is isomorphic to ¢, so that Y * =[¢;] contains a total, non-norming subspace
M,[14]. Now let H; denote H in the j-th copy of E* in X*. It is easy to see that
M, =[H,] is a norming subspace of X*.

Finally, let M =M, + M,. Since M> M,, M is closed and norming. Also,
MNY*=M,, sothat M N Y™ is total but non-norming over X /Y. The totality
of M N Y™ guarantees that Y is M-closed.

Using ideas of Bessaga and Pelczynski [1], J. C. Daneman proved that every
subspace of I, is norming over some subspace of c¢,. Our last example shows
that there exists 2 Y and a total subspace of Y* which is not norming over any
subspace of Y.

ExAMPLE 3. Let Y be the space of James-Lindenstrauss [13] satisfying
Y** = Y@ I,. Y is just the conjugate to the space X of Example 1. Y was con-
structed so that there is a quotient mapping Q : Y* 2"y co With Q*6, =(0,6,)
(where (3,) is the usual basis for I). Thus, (0,6,) 70. Y has a normalized shrink-
ing basis (x,), and of course, x, %o.
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Let p be a mapping of the integers onto themselves so that p~1(m) is infinite
for each m. Let Z = [(X (), 0,)n=1]- Then (x,.,d,) is equivalent to the usual
basis for I, because

IIA

Z =] 3 0,8 5] 3 0060
i=1 i=1 i=1

for all choices of scalars (o;).
We claim that Z is norming over no infinite dimensional subspace of Y*,
For suppose W is a subspace of Y* and Z is norming over W. Then, since (x ), 8,,)

is equivalent to the usual basis for I;, there is a constant A such that | w ||
——

< A5up,(Xp(my,0,)w for we W.Thus, letting K= (x,,),d,), we have that the map
T: W - C(K) defined by Tw(k) = k(w) is an isomorphism into. But it is easily
seen from the facts that x, % 0 and (0, §,) 0 that K =(x,,,6,) U (x,,0)
U {(0,0)}, so that K is countable. Hence by [17], TW and also W contain a
subspace isomorphic to ¢y, which by [2] contradicts the separability of Y*,

However, Z is total. For suppose y* € Z, and ne p~!(im). Then 0 = (x5, ,) (y*)
= y*(x,,) + (0,8,)y*. Letting n — oo through p-(m), we have y*(x,) = 0. Since
m is arbitrary, y* = 0.

3. Basic sequences in non-quasi-reflexive spaces

It is relatively easy (proof of Proposition 1) to find a separable non-quasi-
reflexive subspace of an arbitrary non-quasi-reflexive space. Here we show that
in fact, the separable subspace may be chosen to have a basis.

In the remainder of the paper we use the notation n, =2~ 'k(k + 1). Note a.so
that we index sequences from 0 to co.

THEOREM 1. If Y* contains a norming subspace of infinite codimension, then
Y contains a basic sequence which is not k-shrinking for any k. In particular,
if X is non-quasi-reflexive then X* contains a basic sequence which is not k-

shrinking for any k.

Proor. Let N = Y* be norming with Y*/N infinite dimensional. Then Y* /N
admits a biorthogonal system (u,; u;) satisfying | u,| =| u*| =1, [6]. Thus,
there is a biorthogonal system (z,;z¥) with (zf) unit vectors in N*, (z,) < Y*
and | z,| < 1+1/(n+1). Let A be the norming constant of N and let &— 0
with ¢; > 0 for i = 0,1,--. We choose (x,) and finite dimensional subspaces
Fy « F;{ =+ of N to satisfy

uk
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1) F;is A(1 4+¢)-norming over [xk|0 <kgi],fori=0,1,--,

2) xi4,e(F) fori=0,1,--,

3) zx(Xpp+)) =0 for k=0,1-, p;j=0,1., p  p=0,1,.., and
4 x| s1+1/G+1) for i=0,1,-.

To see that these conditions yield the conclusion, notice that (1) and (2) are the
standard constructive conditions which guarantee that (x;) is basic with the n-th
partial sum operator S, satisfying | S, | < A(1 + &,). Since (x,, +4; z) is a biortho-
gonal system, condition (3) implies the linear independence of (zy,- Finally,
no z, can be in the closed span of the cocfficient functionals since z,(x;) + 0 as
j— oo and ” X; \ < 2 for all i. Thus, (x,) is non-k-shrinking for every k. The final
assertion follows because X is a norming subspace of infinite codimension in X**

if and only if X is non-quasi-reflexive.

We now select the desired sequences inductively. By Helly’s theorem, pick x,
so that || x, || <2 and zy(xo) = 1. Choose F to satisfy (1). Now suppose we have
already chosen (x,**,X,,+;) and Fo <+ cF, ,; Suppose j < p. By Helly’s
theorem, we can pick X,, ;41 With |%n,+5+1] <14 1/(n,1;+2) and such that
X, +j+1 agrees with zj g on [F, 4 20,++,2,] This x, . ;. satisfies (2), (3), and
(4). Incase j = p, n,+j + 1 =n,,, and the only change from the case j < p is
that one wants x, ,, to agree with Zg on [Fn,+jsZ0s**"s Zp+1)- In €ach case, simply
choose F, 4112 F, 4j tO satisfy (1). Q.E.D.

ReMARK 1. If S, denote the n-th partial sum operator on [x,] and if z,=
= Zyix, 1 St fi = (I — S, )*Z; for each k. It is immediate that SilXn, +7) = &; for
all p,k,and j=0,1,---,p.

ReMARK 2. If T is an isomorphism of Y into X* with X separable, and if
T*X has infinite codimension in Y*, then the basic sequence (x,) in Y may be
chosen so that (T'x,) is w*-basic. In this case, let N = T*X and in choosing the
F’s be sure also that [ F;] = T*X. An easier version of the proof of Th. 3.1
of [10] shows that (T'x;) is weak* basic.

Applying this remark to Y = X* where X is separable and non-quasi-reflexive,
we have that X has a quotient space with a basis which fails to be k-boundedly-
complete for every k (see, e.g. [20]).

The next corollary is used in Section 4 in providing the complete solution to
the Schiffer problem of Section 1.

CoRrOLLARY 1. If Y* contains a norming subspace of infinite codimension,
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then Y ©Z such that (Y [Z)* and Z* both contain norming subspaces of infinite
codimension.

ProofF. By Theorem 1 and Remark 1, there is a bounded basic sequence (y,)
< Y and a bounded sequence (f,) = Y* such that fi(y, .;) =0,; for all p,k and
forj=0,---,p. Let Z = [y,,p+j|0 < p < 0, j even]. Then, the natural basis for Z
is non-k-shrinking for all k, so its coeffient functionals span a norming subspace
of infinite codimension in Z*. If @ is the quotient map of Y onto Y/Z, then
(Q0, + f)l Jj is odd)is a bounded basic sequence (cf.[21,p. 26, Proposition 4. 1])
which is non-k-shrinking for all k (since (f; l k is odd) is still a linearly independent
subset of Z* = (Y /Z)*). Thus, as above, [Q(Vn, + j)| j odd] < Y/Z has desired
property, so Y /Z does also by Lemma 3 in Section 4. Q.E.D.

The remainder of this section is devoted to the construction, in a non-quasi-
reflexive space, of a non-quasi-reflexive subspace with basis. This lemma is a
technical device needed in the construction:

LemMA 1. Suppose F is finite dimensional in X*, (y,) cX* is weak* null
and basic with || Vn ” =1 for all n, and (I,-),-°°='o is a partition of the natural
numbers into pairwise disjoint infinite sets. Then for each & >0, there exist
infinite sets I} cl;; j=0,1,--, such that the natural projection onto F from
F® [y,,]ne U I;] has norm £1 +e.

Proor. Let U be a finite dimensional subspace of X which is (1 + &/2)-norming
over F. Let K dznote the basis constant for (y,) and let ¢’ = ¢ /4K. For i = n, +},
choose k; in I; so that

8/
sup [y, (w)] < .

£1 i
!I‘IZIIIJ_ 9i+1

Then, for any sequence (a;) of scalars,

sup |(Z ay)W)| < e'{Z]a]27 ).
it

However, Iai] < 2K||Ea,-yk, , S0 we have

&
.?.‘l'éliél | ay )W < 5 [Za] .

Thus, setting I, = {k; | i =n,+ j for some p} gives the desired result. (It should
should be noted that with a little more work, the a priori assumption that (y,) is
basic may be dropped.) Q.E.D.
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The next proposition gives a finite dimensional decomposition of a subspace
of X which has the desired properties. The technique is a modification of the
Mazur-Day-Gelbaum technique for selecting basic sequences. The primary
modification lies in the norming of a finite dimensional subspace of the form
Xo® X, ® -+ @ X, at each stage before X, has been specifically selected.

PropPoSITION 1. Suppose X is non-quasi-reflexive. Then there is a bounded
. . . k .
biorthogonal system (x,; h,) with (x,) = X such that ( X°,_; Xn,+j| 0Sj Sk
< ) is bounded, and for x in [x,],
n.+p
x=lim X h()x,.
p—~rw n=0
Proor. Pelczynski [16] showed that for each k, X contains a basic sequence
(u) which is non-I-shrinking for 0 < I < k. The subspace [u,*|0 Sk, n < 0]
is therefore szparable and non-quasi-reflexive. Thus, with no loss of generality,
we assume that X is separable.
By Theorem 1 and Remark 1, there is a bounded basic sequence (y,) = X*,
a bounded sequence (f,) = X** and a partition (I,) of the integers into pairwise

disjoint infinite subsets such that
1 if nel
Sy = { -
0 if né¢l,.

Further, we assume by Remark 2 following Theorem 1 that (y,) is w*-basic, and
hence w*-null. Let 4 > || £,
The main difficulty in the proof is to guarantee that the natural projections of

for all n and choose 0 < ¢, < 1 for all i with ¢;— 0.

[x;] onto [xq,*+,X,,+,] are bounded independently of p. To do this we will in-
ductively define the x;’s in blocks (X,,,,***,X,,+,) and define finite dimensional sub-
spaces G, =G, <++- of X* sothat G,norms [xy,**, X,,+p] and [%,,, , =] (G,)..
It is necessary to replace the f;’s by related functionals, f;. At the p-th step of the
induction, we will make sure that f;(g)=g( X%-;X,+;) for geG,, 1 < j=p;
and f, ., € (G,) . Thenwe pick G,,; > G, so that G, norms Z = [xg, *** X, + p»
Sisfp+1]- Now we use local reflexivity to reflect Z through G, ; x; goes to x;
and f] goes to L4t} x, 4, (this defines (x,,,, " Xn,,,+p+1)- THUS, (X,,, 1000,
% Xppy,4p+1) © (Gp).. Finally, local reflexivity will guarantee that
Gp+1 norms [xo, v+, X,,,,+p+1] and fig) = g( Zg:jl Xp+5) for geGyyy,
lsjsp+1L
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For the first step, let G, be a finite dimensional subspace of X* which (1 + ¢;)-
norms [f,]. By Helly’s theorem, we pick x, in X with | xo| £ such that
g(xo) =fo(g) for g in G,. For convenience of notation later, we now rename
fo =12

Suppose (x, [0S k<n,+p), (ff|0<i<p), and finite dimensional sub-
spaces Gy = Gy =+ =G, of X* have been chosen to satisfy the following

conditions:

1) Foreachj, 0= j < p there are functionals ¢o, -, ¢; on [x,,j+,-|0 <igj]
of norm £ 2 with the system (x, j+i,q.’>,-|0 < i<j) biorthogonal,

2) G;is (1 + ¢)* norming over [xk|0 Skgm+ijfor0Zigp.

3) (%n,,+5|0SiS i+ (G, for 0<ip.

4) (” Py ,,i+j‘\ ‘]g k < p) is bounded by 64 for 0 <j < p.

5 g( ZFoj xp4) =fi(g) for ge G, 0<j<p.

6) |f] <34 for 0=ixp.

7) There exist infinite sets I; <I,, k=0,1,---, so that for each i,0 <iZ p,
f; agrees with f; on [y,|ne UL].

Let (1'),---,(7") be the statements above for p + 1. By Lemma 1, pick infinite sets
I{ = I for all k so that the natural projection onto G, from G,@® [y, [ne U I;]
has norm < 2. Hence, there exists f,, ; in X** with ” o+t H < 31 so that f, . ,(9)
= 0 for g € G,, and such that f; ., , agrees with f,.; on [y,|ne UI;]. This satis-

fies (6") and (7).
Since y,,w—: 0, and each I, is infinite, there exist, for 0 £ i <p + 1, g;el”

so that

n

+p
2 |y x| < 1/4p.
k=0

Now select a finite dimensional subspace G,,; of X*, G,.;>G, U (yq‘|
0£igp+ 1) such that G,.( is (1 + &,4,)-norming over F = [(kuO <k
< n,+p) U(f{[Oéi < p+1)JeX**. By the principle of local reflexivity
[11], there is an operator T :F — X such that T is the identity on [kuO <k
Sn,+pl, Tis a (1+¢,4,)-isometry and g(Tf) = f(g) for feF, g € G,yy.
Define X,,, , " Xy 14 p+1 OY Xpyy4j = Tff = ZPoj Xpuy for 0 £j < p + 1
Thus Tf] = Zip:jl Xp,+5 for 0 j<p+1, so that (4') and (5’) hold. Since
G,= G, and f,,,€G,; we have from (5) that (3') holds. Since G,y is
(1 +&,,()-norming over F, local reflexivity guarantees that Gpiy is (1 +&p4q)*
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norming over [x,,|0§ k<n,., +p+1] so that (2') holds. Now, for 0 <
<p+1,0<j £ p+1, one again has from local reflexivity that YalXn, o+
=five) = Z%=j Vo(¥n., ), so that y,(x, ,)=1-1/4p 23/4 and
[Vai¥n, o 4| < 1/4p when i#j. It is easy to compute that the functionals
defined by ¢;(x,,+;) = 6;5,i,j = 0,1,--,p + 1, satisfy [I ¢,-|| < 2. This completes
the construction of (x,).

From (3) we see that, since (G,), = [xklk 2 n,.4], and by (2), the natural
projection S, of [x,] onto [x,|0 £ k < n, +p] has norm < (1 +¢,)% Thus,
(S,) determines a finite dimensional decomposition of [x,], since (if (h,) are the
functionals in [x,]* biorthogonal to (x,)) then

np+p
S,(x) = X h(x)x;.
k=0

The assertion of the boundness of (| £} _; Xn,+;|) is guaranteed by (4). Q.E.D.

It should be noted that if, at each stage of the construction above, the collection
(fo = ZlooXnofi = Zl=1 Xn.+15"»f,) Were basic with constant independent
of p, then local reflexivity would guarantee the same for (x, , %, ., +1'"

Xnyor+p+1) f Wethenset P, ,; =S,  + (I - S

fp -1

- )S,, where

o_y) . [xnr""’xnr+r] - [x,,r,...,x,,,”]

is the natural projection, we would have ([

P,.+;| |0SjSr< o) bounded, so
that (x,) would already be a basis for its span. The boundedness of ( ” )IFAp xnk+j||)
would guarantee that it is non-k-boundedly complete for all k as desired. The
rest of this section is devoted to the realization of this situation.

LEMMA 2. Suppose that (y,) is a bounded sequence in X with inf, || ya— |
=0 > 0. Given & > 0, there exist integers m; < my--- such that (Yom, — Vom, +1)
is basic with basis constant £ 1 + e.

ProoF. Let Z be a seperable subspace of X* with norming constant 1. By
passing to a subsequence of (y,), we may assume that lim, z(y;) exists for each
zeZ. Thus z(yy;— yz+1) — 0 for zeZ and ” Yai = Vai+1 || 2 0>0. Hence
(2: — ¥2:+1) has a subsequence with the desired properties (cf. [12]). Q.E.D.

THEOREM 2. Suppose X is not quasi-reflexive. Then X contains a basic
sequence (z,) which is not k-boundedly complete for any k. In fact, (z,) is bounded
away from 0 and (“ Tt Zug ”)j?:o k= is bounded.
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Proor. By Proposition 1, there exists a bounded biorthogonal sequence (x,;f,)
in X with | f,| =1, (| ZF-;%s+; D70 ¥=; bounded by, say 1, and for each
xe[x,], x= llmpﬂozk”“’fk(x)xk We may assume [x,] =X. For p=0,1,-
let S, be the natural partial sum projection of X onto [x,J{2'# and let RP
= I~ S, be the remainder projection. By a standard renorming technique, we
may assume that | S,| = | R,| =1 for each p.

Set Y= [f,] in X*. Now for each fixed j, ( X - i Xni+ ke weak*-converges
in Y* to an element ¢; with | ¢;|| < A. (Here £, denotes the element of Y* defined
by £,(») =y(x,). Since ||S,|=1 and S,x—>x VxeX, A is an isometry.) Let
R, = (R}|)* (p=0,1,-); R, is just the remainder projection on Y* defined by

© np+p
Ry*=wH X yHHi=y"- 2 y(H4%
i=np+p+1 i=0

On the linear span sp(¢,) of (¢,), we define new norms (p,) by p.(¢)=| R, |.
Certainly p,(¢) = | R, < | R, || &[] =[], so (p,) is equicontinuous. Thus,
there is a subsequence (p,) of (p,) with p,(¢) — p(¢) for each desp (¢,). p
isalsoanormonsp (¢,) < Aand p(¢;—¢;) = liminf(¢;— @) f,,,,+; =1 for i #j.
Therefore, by Lemma 2, there are integers m; < m,< -+ so that (¢, — P2, +1)
is basic in (sp ¢,, p) with basis constant < 2. Setting ¢; = @z, — Pom,+» We have

pq,— p pointwise and (p, ) is equicontinuous, hence p,, — p uniformly on compact
sets; in particular, uniformly on unit balls of finite dimensional subspaces of sp(¢,).
Thus, there exists a subsequence (p;,) of (p,,) with | pa ) — p(qS)l < 2p(¢) for
¢pe[$1i-,andi=0,1,-.-. Also, we may guarantee that, for each i, g/, , is large
enough so that the restriction of Sq, .. to Rq,i[qu] j=1is a 2- isometry for each
i=0,1,---. (Here §, =(S¥|,)*. Note that ” S £1 and S,y*%y* for
y*e Y*,so that | §,y*| > || y*|| for y*e Y*and thus uniformly for y* in compact
subsets of Y*.)

For each i =0,1,--- and j = 0,1, -, i define z,,,; in X by 2, ,; = qMqu(ﬁ
For each i, the map z,,;— ¢, extends to a 4-isometry from [z, ., iJi—o onto
[#,Yico when the latter space is given the p norm. Hence (z,,, izo has
basis constant < 8. But (z,; )i -0 < (S;,,, — S,)X, so (z,) is basic with basis
constant < 8. Finally, note that (z, . ;) is bounded away from 0 (since ([ﬁ ) is),
and for each fixed j, we have X[_ ;.4 Z,4;= ququ<§1, so that
(| Z2-;2n+;|D5=1;20 is bounded. Q.E.D.

Finally we have:
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COROLLARY 2. X is quasi-reflexive if and only if every basic sequence in X
spans a quasi-reflexive subspace.

In [5] it was shown that if X is non-quasi-reflexive, then there is an infinite
dimensional subspace Y of X such that X /Y is non-quasi-reflexive. As promised in
the introduction, we have the following sharpening of the result.

CoroLLARY 3. If X is non-quasi-reflexive, it contains a non-quasi-reflexive
subspace Y such that X|]Y is non-quasi-reflexive.

Proor. Let (z,) be the basic sequence of Theorem 2. Let Y = [z, 4+ il j iseven].
The verification is straightforward. Q.E.D.

REMARK. A stronger version of Theorem 2 can be easily proved when X has
a basis and X* has the bounded approximation property. Indeed, in this case,
pick a separable subspace Z of X* so that the natural map of X into Z* has
infinite codimensional range (this is possible when X is not quasi-reflexive). By
[11, Remark 4.10], there is a basis (x,) for X with biorthogonal functionals
(x¥) satisfying [x¥] = Z. It is clear that (x,) is not k-boundedly-complete for any k.

ProBLEM 1. Suppose X has a basis. If X is not quasi-reflexive, does X possess
a basis which is not k-boundedly-complete for any k? If X* contains an infinite
codimensional norming subspace, does X have a basis which is not k-shrinking
for any k?

ProBrLEM 2. If X is separable and X* contains an infinite codimensional
norming subspace, then does X have a quotient which has a basis which is not
k-shrinking for any k?

4. The Schiiffer question

We saw in Section 2 that if X* admits only finite codimensional norming
subspaces, then a norming subspace M will norm X/Y whenever Y is M-closed.
Here we show that there is always a counterexample to this statement when X*
contains a norming subspace of infinite codimension.

We begin with a known lemma (cf., e.g., [4]), but include its proof for the
convenience of the reader.

LemMA 3. Suppose Y is a subspace of X and R: X* — Y* is the restriction
mapping (Rx*=x* | y Jor x*e Y*). If N is a norming subspace of Y*, then
R™IN is a norming subspace of X*. In particular, if Y* admits a norming
subspace of infinite codimension, then so does X*,
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PrROOF. Let A be the norming constant of N. Note that R~N is simply the set
of all extensions of functionals in N to elements of X*,

Suppose x is a unit vector in X. If d(x, Y)= (34)7 !, then there exists x*e Y+
< R™!N such that |[x* || =1 and x*(x)2 (33)~%. (Here d(x, Y) = inf {|[x + y |
ye Y}.) On the other hand, if d(x,Y)<(34)7!, then we can pick ye Y with
[ % ~ y] < (31)". Thus there exists y*e N with |y*| < 4 and y*(3) = |y|
> 1 — (34)~*. Letting 7* be a Hahn-Banach extension of y* to an element of
X*, we have that 7*eR™!N and 7*(y) — j*(x) £ A(31)~*. Hence j*(x)
27 —-3"121-@BY)"'~3"! =231, whence R™!N is norming over X.
Q.E.D.

PropoSITION 2. Suppose X is a subspace of X for which Y= X /X, is not
quasi-reflexive. Assume that X { contains a norming subspace M, of infinite
codimension. Then there exists a norming subspace M of X* so that X1 0" M
is total over Y but not norming over Y.

PRrOOF. A more precise way of phrasing the final part of the conclusion is that
(@®)~[M] is a total, non-norming subspace of Y*, where Q:X — Y is the
quotient map.

Since dimM7T = oo (L taken in X}*), there is a biorthogonal sequence (z;,z¥)
with (z;)< X *and z{ unit vectors in M{~ By replacing M, with (z}),, we
may assume that [z?‘] = M}

Let M, be the inverse image of M, under the natural restriction mapping R

from X* onto X;*. M, is norming by Lemma 3. Also, one checks easily that
r—-——)

M, = R*M, = R¥[7] = [R*z]. Set R*z = z,.

Since Y is not quasi-reflexive, Y* contains a total, non-norming subspace, say
N, (cf. [5]). Thus by [8], Y + Ny is not closed in Y**; hence, there exist unit
vectors (11;) « Nt with d(n;,Y) = 0. By replacing N, with (y,),, we may assume
that [i] =N,* Now Q** is onto Y** since Q: X — Y is the quotient map, so
we may choose (7;) = X** with Q**#; = ;. We easily check that Q*N, is equal
(#i;) O X1 Indeed, Q*Y* = X7, and if fe Q*N,, say f = Q*g with ge N, then
A(f)=1Q*g = (Q*7)g =n(g) =0. On the other hand, if fe(#;), N X7 then
f=0Q%g, for some g € Y*, and 11,9 = Q**ij;g = 7j,Q*g = 7j,(f) = 0, whence g (,),
= N;.

For g; > 0 and ¢; - 0 fast enough ,we extend the map zZF — zF + &7; to a weak*
automorphism on X**. To do this, pick Z;e X* with RZ; = z; (so that
(Z:;27) is biorthogonal) and define T : X* — X* by TX* = X g#,(x*)z,. If -0
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fast enough, | T||<1/28 < 1, where B is the norming constant of M,. Thus I + T
is an automorphism on X* and it is easy to check that M = (I +T)~'M, is

~S f——*-———J
norming. Further, M* = (I + TMy*'= (I + TH[z*] = [ + T (E)]

(___..____J

= [Z¥ + &fi).

Observe that (Q*)"'M is indeed a total, non-norming subspace of Y*, since
MNX{ = (EF + &f), NXT = (7;).N X7 (because (Z) = X14) = Q*N,, and
hence (Q*)"'M = N,. Q.E.D.

We now have the main result of this section.

THEOREM 3. If X* contains an infinite codimensional norming subspace,
then X* > M norming and X > Y M-closed such that M N\Y™ fails to norm
X/Y.

Proor. Let Y be the subspace of X from Corollary 1 such that X /Y has a
norming infinite codimensional subspace in its dual. This forces X /Y to be non-
quasi-reflexive, so Proposition 2 gives the desired result. Q.E.D
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